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Abstract 

pH ■ Let Xi , . . . , X q be the basis of the space of horizontal vector fields 

•^T ' on a homogeneous Carnot group G = (R n ,o) (q < n). We consider the 

following divergence degenerate elliptic system 
j_» ' 

^t^(a>)V)=i;^ a=l,2,...,JV 

-j ■ where the coefficients a^ are real valued bounded measurable functions 

►> ' defined in fl C G, satisfying the strong Legendre condition and belonging 

■^4- , to the space VMOi oc (fl) (defined by the Carnot-Caratheodory distance 

[■»««. ■ induced by the Xi's). We prove interior HW 1,P estimates (2 < p < oo) 

for weak solutions to the system. 

q ; 1 Introduction 

(ST 






Let 



Xi = ^T f bij(x)d Xi) i = l,2,...,q, 



be a family of real smooth vector fields defined in some bounded domain Q C 
K" (<7 < n) and satisfying Hdrmander's condition: the Lie algebra generated by 
Xi,...,X q spans R" at any point of ft. Since Hdrmander's famous paper [2"5] . 
there has been tremendous work on the geometric properties of Hdrmander's 
vector fields, see [29], [26], [21], [22], [23], [27], [25], and references therein. 
Meanwhile, regularity for linear degenerate elliptic equations involving vector 
fields has been investigated and many results have been proved, see for instance 
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H3, EH, 0, 0, H, 0, E], H, E3, [23, [2E] and references therein; as for 
subelliptic systems structured on Hormander's vector fields, we can quote [18], 

ee EH- 

In this paper we consider divergence degenerate elliptic systems structured 
on Hormander's vector fields in Carnot groups. Namely (here we briefly state 
our assumptions and result; precise definitions and assumptions will be given 
in § 12. ip , let X\ , . . . , X q be the canonical basis of the space of horizontal vector 
fields in a homogeneous Carnot group G — (R™, o); we consider the system 



X % (a%{x)X 3 u?) = Xif a (1.1) 



in some domain Q, C R" where a,(3 = 1,...,N, i,j = 1,2, ...,q, F = (/„) £ 
L p (fyM^* 9 ) (2 < p < oo) is a given JV x g matrix. In (fTTTj) and throughout 
the paper, the summation is understood for repeated indices. If the tensor 

< a'jo(i) > satisfies the strong Legendre condition (see (|2.7|l ). by Lax-Milgram 

theorem the natural functional framework for solutions to (|l.l|l is the Sobolev 
space HW l( j c (fl;M. N \ so the regularity problem for (|1.1[) amounts to asking: if 
F e LP (fi; M Arx 9) for some p > 2, can we say that u G ffVF 1 ^, at least locally? 
We will prove an affirmative answer to this question (see Theorem I2.12p . un- 
der the assumption that the coefficients a^a belong to the space VMO\ OC (f2), 
with respect to the Carnot-Caratheodory distance induced by the vector fields. 
Under this respect, this result is in the same spirit as the LP regularity re- 
sults proved for nonvariational elliptic equations by Chiarenza-Frasca-Longo 
[T5] . [IB] , for elliptic systems by Chiarenza-Franciosi-Frasca [Tl] (see also [IB]), 
and for nondivergence equations structured on Hormander's vector fields by 
Bramanti-Brandolini [2], [3J, while analogous regularity estimates in Morrey 
spaces have been proved for instance by Di Fazio-Palagachev-Ragusa in [H)] . 
and by Palagachev-Softova in [3D]. However, the technique of the proof in the 
present case is completely different. Namely, while in all the aforementioned 
papers LP or Morrey estimates are proved by exploiting representation formulas 
for solutions and singular integral estimates, in the case of subelliptic systems, 
even on Carnot groups, no result about representation formulas by means of ho- 
mogeneous fundamental solutions seems to be known. Hence we have to make 
use of a different technique, which has been designed and exploited in a series of 
papers by Byun-Wang to deal with elliptic equations and systems, also in very 
rough domains: see [35], [8], [9] and references therein. Namely, the key techni- 
cal point is a series of local estimates involving the maximal function of \Xu\ 
(§§ SEI which hold under an assumption of smallness of the mean oscillation 
of the coefficients. One of the tools used to prove these local estimates is the 
possibility of approximating, locally, the solution to a system with small datum 
and small oscillation of the coefficients by the solution to a different system, 
with constant coefficients (§[3J). In turn, the solution to a constant coefficients 
system on a Carnot group is known to satisfy an L°° gradient bound (see The- 
orem I2.10p which turns out to be a key tool in our proof. This result about 
systems with constant coefficients in Carnot groups has been proved by Shores 



[35], and represents one of the main reasons why we have restricted ourselves 
to the case of Carnot groups instead of considering general Hormander's vector 
fields. 

This paper represents the first case of study of L p estimates on the "subel- 
liptic gradient" Xu for subelliptic systems. Di Fazio and Fanciullo in [IS] have 
deduced interior Morrey regularity in spaces L 2,A for weak solutions to the sys- 
tem (jl.ip under the assumption that the coefficients a£g belong to the class 
VMOx H L°° , while Schauder-type estimates have been proved for subelliptic 
systems by Xu-Zuily [55] . 

This paper is organized as follows: in Section 2 we recall some basic facts 
about Carnot groups and state precisely our assumptions and main results; in 
Section 3 we prove the approximation result for local solutions to the original 
system by means of solutions to a system with constant coefficients; in Section 
4 we prove some local estimates on the Hardy-Littlewood maximal function of 
\Xu\ , and in Section 5 we come to the proof of our main result. 

2 Preliminaries and statement of the results 

2.1 Background on Carnot groups 

We are going to recall here a few facts about Carnot groups that we will need 
in the following. For the proofs, more properties, and examples, we refer the 
reader to the paper [20], the books [I] and [33] Chaps. XII-XIII]. 

Definition 2.1 (Homogeneous Carnot groups) A homogeneous group G 

is the set R™ endowed with a Lie group operation o ( "translation" ) , where the 
origin is the group identity, and a family {Z?(A)} A>0 of group automorphisms 
("dilations"), acting as follows: 

D (A) (zi,x 2 , ..., x n ) = (X at X!, X a2 x 2 , ..., X a "x n ) VA > 

for some fixed exponents < a,\ < cti < ... < a n . The number Q — Xw=i a j * s 
called the homogeneous dimension of G. 

We say that a vector field X = J^ 7 - =1 bj (x) d Xj is left invariant if for any 
smooth function f one has 

X*{f{yox)) = {Xf){yox) Vx,y6G; 

we say that X is k-homogeneous if for any smooth function f one has 

X (/ (D (A) x)) = A fe (Xf) (D (A) x) VA > 0, x e G. 

Let Xi (i = 1, 2, ..., n) be the unique left invariant vector field on G which at 
the origin coincides with d Xi . We assume that for some integer q < n the vector 
fields Xi, X2, ..., X q are 1-homogeneous and satisfy Hormander's condition in 
R n ; the Lie algebra generated by the Xi 's at any point has dimension n. Under 
these assumptions we say that G is a homogeneous Carnot group and that 
{Xi, X2, ..., X q } is the canonical basis of the space of horizontal vector fields. 



The properties required in the above definition have a number of conse- 
quences: the exponents a, are actually positive integers, the Lie algebra of G 
is stratified, homogeneous and nilpotent; the vector fields Xi have polynomial 
coefficients. Moreover, the Lebesgue measure of K™ is the Haar measure in G. 

Like for any set of Hormander's vector fields, it is possible to define the 
corresponding Carnot-Caratheodory distance dx, as follows. 

Definition 2.2 (CC-distance) For any S > 0, let C$ be the set of absolutely 
continuous curves (j) '■ [0, 1] — > W 1 such that 

<? 
4> (t) = ^2at (t) Xi (^ (t)) with \a t 0)| < <5 for a.e. t £ [0, 1] . 

Then 

d x {x, y) = inf {S > : 3cf> E Cg with 4> (0) = x, 4> (1) = y} ■ 

The function dx turns out to be finite for any couple of points, and is actually 
a distance, called Carnot-Caratheodory distance; due to the structure of Carnot 
group, dx is also left invariant and 1-homogcncous on G. Let 

B r (x) = {y E G : d x {x, y) < r} 

be the metric ball of center x and radius r in G. Since the Lebesgue measure 
in W 1 is the Haar measure on G, one has (writing \A\ for the measure of A) 

\B r (x)\=u G rQ, (2.1) 

where Q is the homogeneous dimension of G and uj& is a positive constant. 
Next, we need to define the function spaces we will use in the following. 

Definition 2.3 (Horizontal Sobolev spaces) For any p > 1 and domain fi 
C G, let us define the horizontal Sobolev space: 

HW lp (n:R N ) = {u G LP (n:R N ) : \\u\\ HW1 , p{n . RN) < co} 

with the norm 



having set 



1/2 

and 



IMlLP(f2;R«) = IIMIlLP(fr> . mth M = (Ea=l l U "| 2 ) 

\\ Xu \\ L p(n:R») = \\\ Xu \\\ L p(n) . mth \ Xu \ = (Eli ELi l^ u "| 2 



1/2 



Also, we define the space HW^ [£l;M. N ) as the space of functions u such that 
U(f> £ HW hp (fl;R N ) for any (j> e C£° (O) and the space HWq' p (Q;R n ) as the 
closure of C£° (fl; R N ) in the norm HW lp (SI; R N ) . 



Definition 2.4 (BMO-type spaces) For any £1' <s ft, let Rq be a number 
such that B r (x) <s Q for any x G Q' and r < Rq. For any f G L; oe (f2) and 
r < Rq, let 

If, ,2 

m>,So,f{r)= sup ——— \f (x) - f Bp ( Xo )\ dx, 

x en>fi<p<r\-Op (Xq)\ JB p (x a ) 

where f Bp(xo) = ^-^ j^^ f (x) dx. 

We say that f is (8, R)-vanishing in Q' (for a couple of fixed positive numbers 
5, R, with R < Rq) if 

Vn', Ro j(R)<S 2 . 

We say that f £ VMO\ oc (ft) if for any tt' <s Q and Rq such that B r (x) <s Q 
for any r < Rq and x 6 $7', we have 

Vn>,Ra,f (r) -> as r ->• 0. 

The function ?7n',flo,/ * s called the local VMO modulus of f on O'. 

We will use the following well-known result by Jerison (see [5B1 Thm 2.1] for 
the case p = 2 and [26j §6] for p ^ 2): 

Theorem 2.5 (Poincare's inequality) For 1 < p < oo there exists a positive 
constant c — c (&,p), such that for any u € HW 1,P (Br) , 

\\ u - U B R Wlp(Br) ^ cR W Xu Wlp(B r ) ■ ( 2 - 2 ) 

IfueHWQ^iBn), 

\Hlhb r )<c R M X u\\lhb r )- ( 2 - 3 ) 

The previous theorem holds for a general system of Hormander's vector 
fields; in that case, however, some restriction on the center and radius of the 
ball Br applies (see [2H1 Thm. 2.1]); on a Carnot group, instead, due to the 
dilation invariance of the inequalities (J2.2I) and (|2.3[) . these hold for any ball Br 
and with an "absolute" constant c. 

We will also make use of the following 

Definition 2.6 (Space of homogeneous type, see [1TJ ) Let S be a set and 

d : S X S — Y [0, oo) a quasidistance, that is, for some constant c > 1 one has 

d(x,y) =0 <==^ x = y 

d(x,y) =d(y,x) 

d(x,y)<c[d{x,z)+d(z,y)} (2.4) 

for all x,y,z G S. The balls defined by d induce a topology in S; let us assume 
that the d-balls are open in this topology. Moreover, assume that there exists a 
regular Borel measure [i on S , such that the "doubling condition" is satisfied: 

n(B 2r (x))<cn(B r (x)), (2.5) 

for every r > 0, x G S and some positive constant c. Then we say that (S, d, /i) 
is a space of homogeneous type. 



Remark 2.7 Note that in our context any Carnot- Caratheodory ball Br (xq) 
is a dx -regular domain (see for instance M Lemma 4-2]), that is there exists a 
positive constant Cd such that 

\B R (x )nB r (x)\>c d \B r (x)\ Vr>0 I VieB fl ( Io ). (2.6) 

This implies that (Br (xo) ,dx,dx) is a space of homogeneous type. Moreover, 
a simple dilation argument shows that, in a Carnot group, the constant Cd, and 
therefore the doubling constant of (Br (xq) , dx, dx), is independent of R. 

2.2 Assumptions and known results about degenerate sys- 
tems 

The general assumptions which will be in force throughout the paper are col- 
lected in the following: 

Assumption (H). We assume that G is a homogeneous Carnot group in 
M n and {Xi, X2, ■■■, X q } is the canonical basis of the space of horizontal vector 
fields in G (see Definition 12. ip . We assume that the coefficients 



\ a a/3/ t,j=l 



a,/3=l,...,N 

in (jl.ip are real valued, bounded measurable functions defined in Q and satis- 
fying the strong Legendre condition: there exists a constant fi > such that 

m 2 <a^(x)it^<^ l \^ (2.7) 

for any £ G M Wx « , a.e. x G il. 

We recall the standard definition of weak solution: 

Definition 2.8 We say that u G HW 1 ' 2 (f!;R ) is a weak solution to the 
system M.l\) , if it satisfies 

a?iJx)X jU PX i <p a dx= [ f l a X t <p a dx 

for any ip G HW^ 2 (fi; R N ) . 

Recall that on a Carnot group the transposed of a vector field is just the 
opposite: X* = —Xi. Hence the above definition of weak solution is consistent 
with the way the system (|1.1|) is written. 

Remark 2.9 Let Br C fl be any metric ball. If f l a G L 2 (Br) and Uq G 
HW 1 ' 2 (Br), then by assumption \2.7\ l and Poincare's inequality &2.3\) we can 
apply Lax-Milgram's theorem, and conclude that there exists a unique solution 
u e HW 1 ' 2 (Br;R n ) to system ITU}) such thatu-u G HW^ 2 (Br). Moreover, 
the following a priori estimate holds: 

\\ u \\hW 1 ' 2 (B r -R n ) ^ c (JI F llL 2 (B i? ;M Jv x<!) + ||uo||#wi,2(# K . K iV)J (2.8) 



for some constant c only depending on G, /i, R (see \1'A Chap. 8] for a proof of 
this fact in the elliptic case). 

The next result is taken from [32J Corollary 19]. See also [21], where the 
analogous parabolic inequality is proved. 

Theorem 2.10 Let v G HW 1 ' 2 (B (x a ,KR);R N ) be a solution to the system 

X t (a'ipXjV*} =0mB (x , KR) 

with constant coefficients a^o satisfying \2. 7[ ) and some K > 1. Then v G 
C°° (B (x Q , KR) ; M. N ); moreover 

sup \Xv\ 2 < cR~ 2 — — rr / \v\ 2 dx, 

b r {x q ) \Bkr{xq)\ Jb kr (x ) 

where the positive constant c depends on K,/j,,G,N but is independent ofxo, R 
and v. 

The following result can be proved in a completely standard way by suitable 
cutoff functions (for the analogous elliptic version see for instance [12j Thm. 2.1 
p.134]): 

Theorem 2.11 (Caccioppoli's inequality) Let u e HW 1 ' 2 (B R (x) ;R n ) be 

a weak solution to Al.l\) in Br (x) C CI. There exists a constant c > depending 
on G, N, R such that for any p G (0, R) , 



\Xu (x)\ dx < c 



B P (x) 



(R- pf Jb r (x)' Jb r {x) 



u(x)\ 2 dx+ / \F(x)\ 2 dx 



(2.9) 



2.3 Statement of the result 

We now state precisely the main result of this paper. 

Theorem 2.12 Under the Assumption (H), let the a 1 ^ 's belong to VMOi oc (CI) 
and let CI' (s CI, 2 < p < oo. Then there is a positive constant c depending on 
G, fj,,p,Cl,Cl' and the local VMO moduli of the d^a's in CI' such that if F — 
(fi) S LP (Cl:M Nx i) and u e HW 1 ' 2 (Cl;R N ) is a weak solution to {Op in CI, 
then u G HW lp (Cl';R N ) and 

ll M ll_f/W 1 >P(n';K JV ) - c ^H^IlLP(n ; M«x9) + ll u llL 2 (n ; R«)J ' (2-10) 



In order to prove Theorem 12. 12( we will prove the following local result: 



Theorem 2.13 Under the Assumption (H), for any x £ ft, Ro > such that 
Bubo 0*0 C ft there exists S — S (p, G, Rq, p) > swc/i i/iaf /or any R < Rq, if 
the coefficients d£ B are (5,8R)-vanishing in Br(x) and p £ (2,oo), then there 
is a positive c = c(R,R ,p,G) such that if F = (/*) £ L p (B 11R (x) ;M Nxq ) 
and u £ HW 1,2 (Bur (x) ;t J is a weafc solution of hl.l)) in Bur (x), then 
u £ HW l ' p (B R (x) ; R N ) and 



\^ u \\lp(B r (x);R n ) - C 



(||f|Il,( Bii 



R (x);M Nxq ) 



\Xu\ 



L 2 (B 11R (x);R«) 



(2.11) 



Proof of Theorem 12.121 from Theorem 12.131 For fixed domains ft' <s 
ft" <s ft, pick R such that Bi 2 r {x) C fi" for any x £ ft' . For this Rq and 
a fixed p £ (2, oo) , let 5 be like in Theorem 12.131 Since the a^o's belong to 
VMOioc (ft), there exists i? < Ro, R depending on fl, ft', Ro, S, such that the 
a% B 's are (o~, 8i?)-vanishing in B fl (#). Therefore by Theorem ET3| (j2~TTj) holds 
for any such x and i?. Next, we apply Caccioppoli's inequality (|2.9[) , getting 



IJful 



li2( BllB (a);RJV) - C |^ H U Hi 2 (S 12ii (l);R«) + W F \\l 2 (B 12r (x);U Nx '3) 

which inserted in (|2.11[) gives 

\\^ U \\lp(B r (x);R n ) - C (^) (II F IIlp(B 12h (5);M«x<!) + \\ U \\ L 2 (B 12R (x);R N ) J ■ ( 2 '1 2 ) 

On the other hand, by Poincare inequality (J2.2I) we have: 



l U Hlp(S h (^)) ^ 



1 Bk(5) 



Lp(B r (x)) 



U B R (x) 



\B R {x)\ l/P 



hence 



W u \\lp(b r (x)m») <c(R,p)[\\Xu\\ 
which together with (|2. 12|) gives 



< cR\\Xu a \\ LHBRm + |KIL W *)) \B R (x)\ 1/p - 1/2 . 

) + \\ U \\l 2 (B r (x);R n )\ ' 



LP(B R (x 



\\u\ 



HW 1 -p(B r (x)M n ) 



< C 



{||F|| 



i p (Bi2H(K);M N x5) + ll u llL2( Bl2H ( S ). K iv 



} 



A covering argument then gives (I2.10J) . ■ 

It is worthwhile to point out that, as we will see from the proof of Theorem 
12.131 in §[31 the following bound, stronger than (I2.11J) . is actually established: 



M 



Bn R (x) 



Xu\ 



1/2 



Lp/ 2 (B r (x);M n ) 



< C 



[WW Lp(B 12r (x);M n *l) + \\ U \\l 2 (B 12r (x):R n ) j 

(2.13) 
where M. is the Hardy-Littewood maximal function (see Sj4]). 



Remark 2.14 Note that what allows to exploit the VMO assumption on the 
coefficients is the fact that the number 6 in Theorem \2.13\ depends on Rq but 
not on R < Rq, which allows shrinking R without changing S, to get the (S,R)- 
vanishing condition satisfied. Under this regard, our result is very different from 
those proved for instance in £|5J/, J1J/ where the parameter S possibly depends on 
R, which makes the (5, R) -vanishing assumption hard to check. 

Dependence of constants. Throughout this paper, the letter c denotes a 
constant which may vary from line to line. The parameters which the constants 
depend on are declared in the statements or in the proofs of the theorems. When 
we write that c is an "absolute constant" we mean that it may depend on G 

and N. 

3 Approximation by solutions of systems with 
constant coefficients 

Notation 3.1 In order to simplify notation, henceforth we will systematically 
write the norms and spaces of vector valued functions as 



HW U ' (B) , |M| w i, P(B) , ||F|| L p(b) instead of 



HW 1 * (B;R N ) ,\\u\\ HWl , p(B:mN) ,\\F\ 



and so on. 



In this section we will prove a couple of theorems asserting that a solution to 
a system (jl.ip with small datum F and coefficients with small oscillation, can 
be suitably approximated by a solution to a system with constant coefficients 
and zero datum. This approximation is one of the tools which will be used in 
the proof of Theorem 12.131 

Theorem 3.2 Under Assumption (H) (see H2.2\) . for any e > 0, Rq > there is 
a small 5 — 6 (e, Rq, jj) > such that for any R < Rq, if u is a weak solution to 
the system il.l]) in B^r <e Q with 



\ B 4,R\ JBzb 



\Xu\ 2 dx < 1, 




It 



(■SO 



Bar 



I dx < S 2 , 



(3-1) 
then there exists a weak solution v to the following homogeneous system with 
constant coefficients: 



X., 



((<%p) BiR X^(x)\ = m B 4R (3.2) 



such that 



1 1 



R 2 \Bar\ Jb 4R 



\u — v\ dx < e 2 . 



Proof. Let us first prove the result for a fixed R (and 5 possibly depending on 
R), then we will show how to remove the dependence on R. 

By contradiction. If the result does not hold, then there exist a constant 

£o > 0, and sequences I d£g \ satisfying (|2.7|) . {wfcj^Lu {Ftj^Li such that 
Uk is a weak solution to the system 



X. 



i(a i $X j uZ(xj)=X i f?(x) 



(3.3) 



in B4R with 




/ 1 Til, \ 2 rf-r -" 1 


/ 


1 / l Au fc| "^ S i, , R 

|-°4fl| Jb 4b 1 #4 1 


J B41 


but 

1 1 


f 


i? 2 |S 4fl | 


Jb a 


for any weak solution Ufc of 





|F*I 






^4H 



efe < 



|u fc -Vk\ dx > el 



x < («S) B „^w 



in _B 4fl . 



1 

(3.4) 
(3.5) 



(3.6) 



From (13. 4j) and Poincare's inequality (|2.2j) . we know that {«& — (uk) B }, _, 
is bounded in HW 1 ' 2 (Bm), then Rellich's lemma allows us to find a subse- 
quence of {u/j — (uk) B }, still denoted by {ufc — (uk) B }, such that 



1 1 



uk - (uk) BiR - «o| da; ->• 0, (3.7) 

X«t — > Xuq weakly in L , (3-8) 



R 2 \B iR \ J BiR 
as k — > 00, for some u a £ HW 1 ' 2 (Bm). Since < ( a a,3 ) f is bounded 

L V / B 4R ) k=1 



it allows a subsequence, still denoted by ^ ( d^ B ) _ \ , such that 



BiR I t_ 



fc=l 



( ijk\ -ii 

\ a ^) BiR - a ^ 



0, as fc — -> 00, 



for some constants a£ g . By (I3.4p . it follows 

a a/3 ->■ 5 a,3 m ^ { B m) , aS fc -> 00. 

Next, we show that uq is & weak solution of 

X t (a«jXy (*)) = in B 4fl . 



(3.9) 



(3.10) 



10 



We start from 



a i ${x)X j i4x i <p a dx= I f l a k Xi<p a dx (3.11) 

•J Ba n 



B^ R J B4R 

with (p a £ C£° (fi), and take the limit for k -> 00. By |0) 



/ f a k X^ a dx -+ 0. 

./ -B4.R 



Moreover, 



ijfe 



z 3 *■.,„«, 



b&r 



a^p (x) XjU>lXiLp a dx 



a ap ( x ) ~ a ai3 X u p k XiLp a dx+ j a£pXjU%Xi<p a dx = A fc + B fe . 

-84^ 



Now, 



I4fe| <c 



life / \ -27 

a a/3 («) " «a/3 



L 2 (B iR ) 



Xj< 



L 2 (B iR ) 



0, 



because a^a (x) — > a^ in L 2 and j -Xjwf \ is bounded in L 2 . Finally, since 
Xuk — > Xuq weakly in L 2 , 



B, 



aipXjU^Xi^dx, 



hence 



I a%X jU ^X iV a dx = for any ^ £ C °° (B 4R ) 



rl,2 



By density, this holds for any ip a £ HW ' (B^r), so uq is a weak solution to 
(TO1) . 

Now, let i>/c be the unique solution to the Dirichlet problem 



X; 



(^B^^ 



in B iR 



(3.12) 



u fc - u Q £ ffW^ (B 4 fl) 



(see Remark l2.9[) . By (|2.7[) and using Vk - no as a test function in the definition 
of solution to p. 121) we have 



H I \Xv k - Xu Q \ 2 dx < I (all) i X J v k ~ X J u o) {Xv% - Xtu%) dx 

J B4R J B4R &AR 

(<$)„ X i 4(X i x%-X i u%)dx i 

. V / -D4B 



11 



since u<j is a weak solution to p.lOj) 

i% ~ («$) ) *A {XtvZ ~ X iV %) dx 



< 



-ij ( ijk\ 



x j u a 



\Xivi-XivS\dx 



< c (N) max 



^ "(•») B„ 



l-Xuol dx 



Bar 



1/2 



|Xwfe — XuqI ^ 



B« 



1/2 



which implies 



/i [ / \Xvk — Xuq\ dx] < c max 

lB 4n J i,3,a,P 



1/2 



-ij ( ijk\ 



|Xuo| da; 
(3.13) 



1/2 



Inequalities (I3.9J) and (j3.13[) imply 

\\Xv k - Xu \\ L2{BiR) -*■ as fc -> 0. 

This convergence, the fact that v k — uq £ HW ' {B^r) and (|2.3j) imply 

ll«fc-«o||£S(B 4Je ) ^0 as fc^O. 
By (|3~7| and (|3.14|l we can write: 

||vk-(«k-(tt*)OIL»(fl«) 

< ||uo - («* - K)s 4B )|| L 2 (i34n) + ||"k - "o|| L 2 (B4n) -> 0. 

On the other hand, Vk + (uk)g is still a weak solution to (|3.6j) . hence (|3.5 
implies 

1% - (Ufe- K)b 4 JI dx > £ 



(3.14) 



(3.15) 



R 2 \Bar\ Jb 4R 

which contradicts (|3.15[) . So we have proved the assertion, for some 6 possibly 
depending on e,R, [i. 

Let us now fix a particular Rq, and let R be any number < Rq. Assume u is 
a weak solution to system (jTTTJ) in B^n <§ Q, satisfying (|3.1[) . Just to simplify 
notations, assume that the center of B^ji is the origin, and define: 
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Then, one can check that the function u solves the system 



To see this, for any <j> S C$° (B 4R ), let (j>(x) = ^-<j) [D UjA x); then <j> € 
C$°(B 4Ro ) a nd 



a"f (x) Xju? (x) Xi<j) a (x) dx 



af3 



Bir 

Rq 

IT 

R 



°«( D l7T" 



R 



(A> ; ) (P(^)x)(X^)(z? (^ ),),/, 



J B4R Q \ 



a^(y)(X J uf , )(y)(X l( l > a )(y)dy 



f a (y)(X i r)(y)dy 
^-) x) (XiF) (d (A ) ,• 1 ,/,- 



/? (s) A^" (s) <&. 



1J7„ 



Also, note that the a^o's satisfy condition (|2.T[) with the same /i. Let <5 = 
5 (e, i?0j A*) be the number found in the first part of the proof, and assume that 



u, F, a" p satisfy (|3.1[) on Bm for this 5; then u, F, a" p satisfy (|3.ip on B iRo for 
the same 6: 



\ B 4R \JB 4Rn \B4Jt \jii. 1 . ix 



(A' ( /l(D( A,., 
-Ko 



r/.r 



1 /iZo 



|(Xu)(j/)| 2 dj/ 



1 



IB, 



4fl| Jb. 



\(Xu)(y)\ 2 dy<l; 



\B±r \ 



\ / -fc>4fl. n 



IS, 



4fl| JB 4 fl 



a tfS ~ («a/3 



-B477 



rf.r 



dx < S. 



Hence, by the first part of the proof, there exists a weak solution v to the 
following homogeneous system with constant coefficients: 



X, 



((^) B4flo ^i^w)=0inB 4flo 
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such that 



Then, the function 



satisfies 



#o \ B ±R a \ Jb 4R(> 



\u — v\ dx < e 



u( ^lr(K^ |r 



x, 



(«L„ x ^w)=° 



= in B. 



-IB 



and 



1 f 
R 2 \Bm\ Jb ir 
1 1 



R 2 \Bar\ J BiR 
1 1 



Rq \Bar\ J B4r 



\u (x) — v (x)\ dx 



I s Ht" 



" ' D ' T ' ' 



l 5D f" 



<i.r 



'' ( Z) ' ^ ' ' 



dx 



52 TB r / |u--y| 2 dx <e 2 

<0 I B iRo I JB4Hn 



I?, 



We have therefore proved that the assertion holds with S depending on Rq but 
independent of R < Rq. ■ 

The following technical lemma is adapted from [12| lemma 4.1, p. 27]. 

Lemma 3.3 Let if)(t) be a bounded nonnegative function defined on the interval 
[Tq,Ti], where T\ > Tq > 0. Suppose that for any Tq < t < s < T\, ip satisfies 



ip{t) < $ip(s) 



A 



B, 



(s-tf 
where d, A, B, (3 are nonnegative constants, and D < ^. Then 

A 



i>(p) < C/3 



B 



,Vp > T <p<R<T u 



\R-pf 

where cp only depends on ft. 

We are going to enforce the previous theorem with the following 

Theorem 3.4 For any e > Rq > 0, there is a small S — S (e, Rq, /i) > such 
that for any R < Rq, if u is a weak solution of system hl.l\) in B^r <s $7 and 
13. 1\) holds, then there exists a weak solution v to SS.S\) such that 



1 



\B 



2R\ JB 



\Xu - Xv\ 2 dx < e 2 . 
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Proof. By Theorem 13.21 we know that for any 77 > 0, there exist a small 
S = S (77, Rq, h) > and a weak solution v of (|3.2p in -B4.R, such that 



1 1 



\u — v\ dx < i] , 



R 2 \B iR \ J BiR 

provided (|3.1[) holds. 

Let us note that u — v is a weak solution to the system 



(3.16) 



X 



• (o«, (x) X, («" - </) (*)) = X, (/< (x) - (a«, (*) - (a%) ^ J X.V 3 ) 

(3.17) 
in i?4fl. For any 2i? < s < £ < 3i?, we choose a cutoff function ip(x) which 
satisfies 



and 



< <p (x) < 1 in B 3R , tp(x) = l in B s , ip (x) = in B 3R \B t 



\X<p(x)\ < inB 4 fl. 

i — s 



Taking (u — v) (f as a test function, it follows by (|3.17p that 

/i / |X (u — v)\ dx 
J B s 

< f <p{x)a%{x)X i {u p -vf*)Xi(u a -v a )dx 

JB t 

3 (fa (*) - fc (*) " (<*5>) ^ j *^) * ((«" - «") V) dX 

By the properties of ip, Young's inequality and (|2.7[) . 



\Xu-Xvrdx 



B, 



<c I I |F| + max 

1 






X«| dx+ 



\Xu-Xv\ dx 



B t 



(t - s) JB t 



\u — v\ dx 



< c / |F| 2 dx + sup \Xv\ 2 ■ max / ah (x) - (aL (x) ) 
Jar b 3R hJ< a >PJB iR v /B 4K 



rf.r 



(t - s) 7b 4J? 



|u — v\ dx + — I \Xu — Xv\ dx. 

B t 



15 



Setting 



\Xu — Xv\ dx. 



B = c I \F\ dx + sup \Xv\ ■ max 



-6477 



B3R 



i,3,<*,PJB t 



°a/3 (») ~ (flp (*)) 



-64/? 



da;, 



A= / |t*-uf dx,l3 = 2, 
by Lemma 15751 we deduce 

\Xu-Xv\ 2 dx < -^ 

B 2R R 



\u - v\ dx + c / |F| dx 



csup \Xv\ ■ max 

B 3 R hJ><*,PjB4,R 



°a/3 (*) " ( a t? (*)) 



Bar 



Bar. 



dx. 



(3.18) 



By Theorem 12.101 since v — us iR is still a solution to the system (|3.2|) in Bab, 
we can write: 

Q 1/9 

sup|Xu| < ~s\B R \ \\v-u BiR \\ L2{Bia) 
B 3R it 

- i \ Br ^ 1/2 (" U ~ V WL*(B iR ) + II" - U B iR lli=(B«)) 

by p,16p . p. 21) and assumption (13. 1[) on u 

< cry + c |^r 1/2 \\Xu\\ l2(B4r) <c( V + 1)< N 0l 

for some absolute constant Nq when 77 is, say, any number < 1. 
By (l3~T8l) and (j3~19| we have 



(3.19) 



1 



\B 2 r\ Ju.u 
c 



< 



\B 



Xu — Xv\ dx 

cN Q 



\F\ 2 dx- 



4R\ JB4.R 
C 1 



\B 



AR\ hJ,a,Pj BiR 



^Ifi (*) - (aa/j) 



B4R 



r/.r 



^ 2 |b«i J BlR 

by (|3TTd| and (j3~Tj) 



\u — v\ dx, 



< 



\B 



4fl| JB lR 



max 



°a/3 0*0 " ( a a/3 0)) n ) dx + <V 

< c(6 2 + ?/ 2 ) <e 2 , 
for a suitable choice of 77, and after possibly diminishing 5. This ends the proof. 
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4 Estimates on the maximal function of \Xu\ 

Definition 4.1 Let Br <e il. For every f E L 1 (Br), define the Hardy- 
Littlewood maximal junction of f by 

M Br (/) (») = sup / |/ (y)\dy. 

r >o |±s r (zj II £>R\ JB r (x)nB R 

Since (-Br, dx,dx) is a space of homogeneous type (see Remark 12771) . by [T71 
Thm.2.1 p. 71] the following holds: 

Lemma 4.2 Let / E L 1 (B R ), then 

(i) M.b r (/) (jc) *s finite almost everywhere in Br; 
(ii) for every a > 0, 

| {3 E S fl : X Bb (/) (z) >a}\<^ f |/ (j/)| dy; 

fm) if f e L p (B R ) with 1 < p < oo, i/ien -M B „ (/) £ £ p (B fi ) and 

l|AW/)|| L p (i 3 B ) < c p ||/|| Lp(Sj?) , 

where the constants c p only depend on p and G (but are independent of Br). 

The last statement about the dependence of the constants requires some 
explanation. In any space of homogeneous type these constants depend on the 
two constants of the space, namely the one appearing in the "quasitriangle 
inequality" (|2.4j) and the doubling constant appearing in (|2.5[) . In our case the 
first constant is 1 (since dx is a distance) and the second is independent of R. 
by Remark 12.71 Hence c p is independent of R. 

Theorem 4.3 There exists an absolute constant Ni such that for any e > 0, 
Rq > 0, there is a small S = 8(e,Ro,fx) > such that for any R < Rq/2, 
z E Br (x) C Bur (x) <e Q and < r < 2R, if u is a weak solution of hl.l\) in 
Bur, (x) with 

B r (z) C\{xeBr (x) : M BllR (x) {\Xu\ 2 ^j (x) < l}n 

n{xeB R (x) : M BllR(w) (|F| 2 ) (x) <5 2 )^% (4.1) 

and the coefficients a l ^ g (x) are (5, 4r) -vanishing in Br (x), then 



B, 



(z) n{xe B R (x) : M BllRi x) (\Xu\ 2 ) (x) > N 2 }\ < e \B r (z)\ . (4.2) 

Proof. Fix s, i?o > 0; the number S will be chosen later. By (|4.1[) . there exists 
a point xq E B r (z), such that for any p > 0, 

,„ , . * ttt / \Xu\ 2 dx<l, (4.3) 

\B p (x )nB 11 R(x)\J Bp{xo)nBiiR ^ ) l ~ 

1 f -|2, ^ r2 



|B p (xq) n Bus (x)| J Bp {x )r\B 11R (x) 



V\'dx<6*. (4.4) 
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Since z, xq € Br (x) and r < 2R, we have the inclusions: B^ r (z) C B$ r (xq) C 
Bur (x) and B$ r (xq) C B§ r (z). Then by (|4.4p with p = 5r we have that 



I#4r (z)| ys 4r ( 2 ) l#4r (^)l |#5r (z )| /B 6r (x ) 

(4-5) 
Similarly, by (|4.3[) we find 

' J |Au| 2 d.x<(^ . (4.6) 



|B4r(«)| 



B 4r ( 2 



By (|4.5|) . (|4.6|) and the assumption on a^a (x), we can apply Theorem 13.41 (with 

u replaced by (|) u and F replaced by (|) F) on the ball B^ r (z) (recall that 
r < Ro) and obtain that for any 77 > 0, there exists a small 6 — S (77, Rq, p) and 
a weak solution v to 

such that 

— ±-- f \X{u-v)\ 2 dx<r) 2 . (4.7) 

Also, recall the interior HW 1 ' 00 regularity of v (|3.19|) : 

ll^lft-O^W) < N l (4-8) 

Now, pick 

A x 2 = max j — , 4A 2 1 . (4.9) 

Then we claim that 

[x e B fl (x) : Mb.^ob) (|A«| 2 ) (*) > A 2 } n B r (z) 
C [x € B R (x) : M B2r(z) (\X (u - V )| 2 ) (*) > 7V 2 } n S r (z) . (4.10) 

To see this, suppose 
xi £ [x e B R (x) n B r (z) : M B2r{z) (\X {u - «)| 2 ) (a) < ^v 2 } ■ (4.H) 
When p < r, it follows B p (xi) C S 2r (2) C 5 5 _r (x), then (14.111) and (|4T8|) imply 

\Xu\ dx = ; — — / \Xu\ dx 



\B p (Xi) n B 11R (x)\ JB.ix^nBunCx) \ B P ( x l)\ J B p (xi) 

(4.12) 
< . ... . - / (\X (u - v)\ 2 + \Xv\ 2 ) dx < 4A 2 < JVf . 



\B p (xi)\ J Bp(xi 
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When p > r, since Xi,Xo S B r {z) we have d(xi,xo) < 2r < 2p; it follows 
B p (xi) C -B3 P (xq) C i?5 P (xi). Then by Remark [2~7l and (|4.3I) we have 



\Xu\ dx 



\B p (xi) fl Sufi (x)| JB p (x 1 )nB lln (x) 



< 



c d \B P (xi)| J B 3p (x )nB 11R (x) 
5 Q 



\Xu\ dx 



< 



C d \B 5p (xi)| J B 3p (x )nB 11R (x) 



\Xu\ dx 



c d \B 3p (x ) n Bnij (x)| J B 3p (x )r\B 11R (x) 
< — < Nl 



\Xu\ dx 



Cd 



(4.13) 



By (|4~T2"j) and (gUSJ), we have 

X! e {x G S fl (x) : 7W Biir(s) (|Xw| 2 ) < JV?} n S r (z) . (4.14) 

Thus, inclusion (|4.10|) follows from the fact that (j4.11|) implies (|4.14[) . 
By (l4~T0l) . Lemma [472] (ii) and (14771) , we have 

[x e B fl (x) : M BllJl(B ) (|Xw| 2 ) (x) > iV 2 } n S r (z) 

< {x e i? 2r («) : M BarW (V (« - «)| 2 ) (x) > ^V 2 } 
^ TFZ \X(u-v)\ 2 dx 

^0 JB 2r (z) 

< aj 2 \B 2r (z)| =c2 Q 7 1 2 \B r (z)\ 
= e 2 \B r {z)\. 

For a fixed e, we have finally chosen r\ so that c2 < ^rj 2 = e 2 and picked the 
corresponding (5 depending on i?0: A* an d ?7j that is on Rq, /i, e. This finishes our 
proof. ■ 

Corollary 4.4 For any e > 0, Rq > 0, i/iere is a small 8 — S (e, Rq, /i) > 
swc/i i/iat /or any R < Rq/2, z 6 Br (x), < r < 2R, if u is a weak solution 
°f (HW i n Bur (x) (s fi, i/ie coefficients a£g (x) are (5, 4r) -vanishing in Br (x) 
a77,rf 

{x e s fl (x) : AVm*) (l^l 2 ) (&) > ^i } n s r (z)| > £ |£ r (z)| , 
B r (z) n s fl (x) 



c 



{x e B fl (x) : M fluJl( *) (|X«| 2 ) (x) >l}u{.efl fi (x) : M BllR (x) (|F| 2 ) (x) > 5 2 } 
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5 L p estimate on \Xu\ 

In this section we exploit the local estimates on the maximal function of \Xu\ 
proved in the previous section in order to prove the desired L p bound. The 
starting point is the following useful lemma about the estimate of the L p norm 
of a function by means of its distribution function. 

Lemma 5.1 (See \1(A p. 62]) Let 9 > 0, m > 1 be constants, p £ (l,oo). Then 
there exists c > such that for any nonnegative and measurable junction f in 

n, 

f EL p (fi) if and only if S = ^m' p \{x £ O : / (x) > 0m'}| < 00 

Z>1 

and 

- c s<\\f\\l p{n) <c(\n\ + s). 

Lemma 5.2 (Vitali) Let J- be a family of dx -balls in M™ with bounded radii. 
There exists a finite or countable sequence {-&;} C T of mutually disjoint balls 
such that 

BeT i 

where 5B is the ball with the same center as B and radius five times big. 

The proof is identical to that of the Euclidean case, with the Euclidean 
distance replaced by dx here. 

Lemma 5.3 Let < e < 1, C and D be two measurable sets satisfying C C 
D C -Br, (x) C fl, \C\ < £ \Bji (x)\ and the following property: 

Vx e B R (w),Vr < 2R,\CnB r (x)\ >e\B r {x)\ =► B r (x) DB R (x) C D. (5.1) 

Then 

C <e—\D\, 

Cd 



where ca is the constants in H2.6\) . 

Proof. For any x G C, C C Br (x) C B^r ix) , hence 

\C n B 2R (a:)| = \C\ < e \B R (x)\<e \B 2R (x)\ . 
On the other hand, by Lebesgue differentiation theorem, for a.e. x E C, 

\cnB r (x)\ 

lim — r— — — - - — = 1, 
r^O \B r (x)\ 

hence for a.e. x £ C there is an r x < 2R such that for all r £ (r x , 2R) it holds 
\CC\B ri {x)\>e\B r!c {x)\ and \C C\ B r {x)\ < e\B r (x)\. (5.2) 

20 



By Lemma 15.21 there are iijij,... £C, such that _B rx (%i), B rx (X2) , ■ ■ ■ are 
mutually disjoint and satisfy 



By ([OD and (|2~Tj) , we know 

C n 5 5rxfc (xk) < e B br:ck (x k ) 



= eh Q 



B r (xk) 



Also, 



\c\ = 


\jB 5rak (x k ) n c 

k 


k 


<t 


^ Q J2\ B ^J x ^ 





5 Q 1 
<£— }\B r (x k )nB R (x) 

Cd I 

& 

where the last inequality follows since Br (x) is dx-regular (see Remark 12. 7[) . 
Moreover since the -B rx (xk) are mutually disjoint the last quantity equals 



5Q 



U(B r ^(xk)nB R (x) 



5 Q 



since, by assumption (|5.1[) . B rx (a:*,) (~l 5^, (x) C D. This completes the proof. 



Theorem 5.4 For any e > 0, i?o > i/iere is a smali 5 = S (e, i?o, /x) > smc/i 
t/iai /or any i? < -Ro/2, if u is a weafc solution of U.l\) in Bu R (x) <e $7, i/ie 
coefficients a^a (x) are (5, 8R) -vanishing in B R (x) and 



{x e B R (x) : M BllRm (\Xu\ 2 ) (s) > iV 2 }| < eLB fl (S)| 
(where N± is like in Theorem \4.3\ ), then for any positive integer m, 
\{xeB R (x) : M BllRm (\Xu\ 2 ) (x) > N*™} 

m 

< J2e{ \{x G B* (5) : M Biir{ ^ (|F| 2 ) (z) > ^AT^} 

8=1 

+ £ f |{* e B fl (x) : Aij^^ (|Xu| 2 ) (a) > l} 
where e\ = eh® Jed- 



(5.3) 
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Proof. Fix e,Ro > and pick 5 — 6(e,Ro,n) as in Corollary 14.41 We will 
prove this assertion by induction on m. For m = 1, we want to apply Lemma 
lto 



C := {x G B R (x) : M Blls(B) (\Xu\ 2 ^) (x) > N 2 } , 

D:={xe B R (x) : M BllR (*) (l F | 2 ) (*) > S 2 } U [x e B R \x) : M Biir{ ^ {\Xu\ 2 ^j (x) > l} 

Since Ni > 1, C C D C B R (x). Also, by assumption \C\ < e\B R (x)\. Let 
x 6 Si? (a;) such that 

\CC\B r (x)\ >£|B r (x)|. 



Then by Corollary I4~41 

£ r (x) n B R (x)cD, 

hence by Lemma l5.3l 

5 Q 

\C\<s—\D\ 

Cd 

which is our assertion for m = 1. 

Now assume the assertion is valid for some to. Let u be a weak solution to 
p.ip in Bur (x) satisfying (|5.3[) . Set u\ — u/Ni and Fi = F/iVi, then i^ is a 
weak solution of 

in -Bufl (x) <s fi, and satisfies 

{x G B R (x) : M B „ a(g) (|X Ul | 2 ) (x) > N 2 } 
= [xeB R (x) : M Blla(s) (\Xu\ 2 ^j (x) > N?} 

< {xeB R (x) : M BllH <& (\Xu\ 2 ^) (x) > N 2 }\ < e \B R (35) | . 
By the induction assumption on m, we have 

{x G B R (x) : M BllH m (\Xu\ 2 ) (x) > N^ m+1) ] 
= \{xe B R (x) : M Biir0s) (\X Ul \ 2 ) (x) > N 2m } 

m 

< 5>1 |{x G Sfl (30 : M Slli?(3?) (|Fi| 2 ) (s) > S 2 N 2{m ' l) ] 

8=1 

+ el" |{x G 5^ (x) : A^^ (\X Ul \ 2 ) (x) > l} 

771 

= 5>1 |{x G S« (X) : ^ fllu , w (|F| 2 ) (X) > ^<™+ 1 -«} 

i=l 

+ er |{s G B«(x) : M Bll «(*) (|X u | 2 ) (x) > 7V 2 }| . (5.4) 
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On the other hand, by the assertion valid for m = 1, 

{x G B R (a?) : M BllR{ ^ (|Au| 2 ) (af) > TV 2 } 
< ex \[x e B R {x) : M BllR & (|F| 2 ) (x) ><5 2 } 
+ ei | {z e S fi (x) : M BllR (x) (\Xu\ 2 ^j (x) > l} 

Putting ([531) into (pT4"|) we get 

{x e S fl (a?) : M BllR & (\Xu\ 2 ) (x) > N? m+1) } 

m 

< J24 \{x € Sk (*) : ^ fll „ w (|F| 2 ) (x) > PN?™* 1 -*} 

i=\ 

+ eT +1 \{x £ B R (x) : M Biir(w) (\Xu\ 2 ) (x) > l} 
[x e B R (x) : M Biir{1s) (\F\ 2 ) (x) > S 2 } 



(5.5) 



.m+1 



m+1 



£ A |{* e Bh (*) : M BllJl( *) (|F| 2 ) (*) > ^ivf"^} 

i=l 

+ er +1 |{.t g B fl (a?) : M BllJl(S ) (|A U | 2 ) (x) > l} 

which is the desired assertion for m + 1. This completes the proof. ■ 
We can finally come to the 



Proof of Theorem 12.131 Fix Rq, let e > to be chosen later, and pick 
S = 6(e,Ro,h) as in Theorem 15.41 For A > 0, let u\ = j,F\ = j. We claim 
that we can take A large enough (depending on e, u and F) so that 



[x e B R (x) : jM Biis(s) (|Au a | 2 ) (») > JV?}| < e|B«(3J)| (5.6) 



and 



oo 

J2^ P \{xeB R (x) : M BllRm (|F A | 2 ) (x) > SN 2k } 



fe=i 



< 1. 



(5.7) 



Actually, since F e LP ( J Bn fl (x);M Arx 9) with p> 2, we have 7W Blln(s) (|F A | J (a;) G 

L% (B 11R (x)) by Lemma|4~2l Applying Lemma[5J]with / = M BllR (x) f|F A | 2 ) , 

6 = 5, m — Nf, il = B R (x) and p replaced by p/2, there is a positive constant 
c depending only on 8, p and Ni , such that 

oo 

X>i fcp \{x E B R (x) : M BllRm (|F A | 2 ) (x) > 8N 2k } 



fe=i 

< cl 



M BllR & (|F A | 2 ) 



p/2 

Lp/ 2 (Bhk(z)) 



< C ll F A|lLP( Blli?(5 ;)) 



_>:-! 



Also, by Lemma T4. 2 1 we have 

[x 6 B R (x) : M Blim (\Xu x \ 2 ) (x) > N 2 }\ 

= [xeB R (x) : M BllH & (\Xu\ 2 ) (x) > X 2 N 2 } 

Hence we can take 

fWXu 



C 9 

" A^/Vf H XU lli 2 (BllR(S)) 



\ = c 



\L^(B 11R (x)-R N ) 



e x ' 2 \B R {x)\ 



1/2 



Ilp(Biih(S)) 



(5.8) 



for some constant c depending on 5,p, Ni, hence c = (e, Ro,P, G), and get 
and (|5.7p satisfied. 

Next, by (|5.6I) we can apply Theorem 15.41 to u\ for this large A, writing 



£>*" | {a; G B R (x) : M Biir(5) (|X Ua | 2 ) (x) > N 2k ) 

fe=l 

OO / & 

< X>F E £ i |{^ S fl (x) : JU BllH(3f) (|F A | 2 ) (x) > S 2 N^} 
fc=i \j=i 

+e£ |{x S Bh (x) : -M SllI? (s) (\Xu x \ 2 ) (x) > l}|) 

oo oo 

^(^)TjVf (t -'» I {a e B fl (x) : M BllRm (|F A | 2 ) (x) > PN? k -<>} 

i—1 k—i 

oo 

+ E ( N i^T \{xeB R (x) : A4 fllls(a0 (\Xux\ 2 ) (x) > l} 

i=l 

by (EZD 

OO 

= 2(JVf ei ) < (i + |B«(ar)|)<i + |B il (ar)| 



i=l 



taking e so that iVf £\ = 1/2. We have finally chosen e small enough, depending 
on p and G, and a corresponding 5 = 6 (e, Rq, jj,) — S [p, G, Rq, (jl) . 

Therefore we can apply Lemma |5~T1 to / = Mb 11r {x) ( \Xu\\ \ (x) and m = 

N"l getting 



with c = c (p, G), which by (I5.8[) implies 

1/2 



<c(l + i? Q ) 



^Bxx«(x) (l^l 2 ) 



Ll , ,, Ba(s)) - C {ll Xli ll£ 2 (Biin(S)) + H F llLP(S llfl (5r))} 

with c = c(i?, RqjP, G) , and recalling that |/ (x)| < Mg 11B fc) (/) (x) for a.e. x, 
we get 



II* M Hlp(B^)) < c{ll- X "«llL»(fl 1 «(x)) + W F hr{B 11R (x))} 



This completes the proof of Theorem 12.131 
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